Two Riemannian manifolds are called eigenvalue equivalent when their sets of eigenvalues of the Laplace-Beltrami operator are equal (ignoring multiplicities). They are (primitive) length equivalent when the sets of lengths of their (primitive) closed geodesics are equal. We give a general construction of eigenvalue equivalent and primitive length equivalent Riemannian manifolds. For example we show that every finite volume hyperbolic n-manifold has pairs of eigenvalue equivalent finite covers of arbitrarily large volume ratio. We also show the analogous result for primitive length equivalence.
Introduction
Let M be a compact Riemannian manifold, and let ∆ 
£
. Geometric and topological constraints are forced on isospectral manifolds; for example if the manifolds are hyperbolic (complete with all sectional curvature equal to geodesics, and in the case of closed hyperbolic surfaces, the stronger statement that
¤ ¢
M£ determines¨¢ M£ and vice-versa holds [7, 8] .
In this paper we address the issue of how much information is lost by forgetting multiplicities. More precisely, for a compact Riemannian manifold M, define the eigenvalue set (resp. length set and primitive length set) to be the set of eigenvalues of ∆ (resp. set of lengths all closed geodesics and lengths of all primitive closed geodesics) counted without multiplicities. These sets will be denoted E ¢ M£ , L ¢ M£ and L p ¢ M£ respectively. Two manifolds M 1 and M 2 are said to be eigenvalue equivalent (resp. length equivalent and primitive length equivalent)
) . Although length spectrum and primitive length spectrum determine each other, the corresponding statement for length sets is false. Primitive length equivalent manifolds are clearly length equivalent, but we shall see that the converse is false.
We will focus mainly on hyperbolic manifolds of finite volume. Even in this setting little seems known about the existence of manifolds which are eigenvalue (resp. length or primitive length) equivalent but not isospectral or iso-length spectral. Examples of non-compact arithmetic hyperbolic 2-manifolds that are length equivalent were constructed in Theorem 2 of [24] using arithmetic methods. However, as far as the authors are aware, no examples of closed hyperbolic surfaces that are length equivalent and not iso-length spectral were known, and it would appear that no examples of eigenvalue equivalent or primitive length equivalent hyperbolic manifolds which are not isospectral or iso-length spectral were known. Our main results rectify this situation for hyperbolic surfaces and indeed for all finite volume hyperbolic m-manifolds.
Theorem 1.1. Let M be a closed hyperbolic m-manifold. Then there exist infinitely many pairs of finite covers
Moreover, E
The method of proof of Theorem 1.1 does not provide (primitive) length equivalent pairs of covers. However, we can prove an analogue for primitive length equivalence (and hence also length equivalence).
Theorem 1.2. Let M be a finite volume hyperbolic m-manifold. Then there exist infinitely many pairs of finite covers
for any Riemannian metric on M.
Indeed, as we point out in " 5.1, for every finite volume hyperbolic n-manifold where n # ¡ 3 4 5 we can produce pairs of finite sheeted covers of arbitrarily large volume ratio that are both primitive length equivalent and eigenvalue equivalent.
The methods of the paper are largely group theoretic, relying on the fundamental group rather than the geometry, and a quick way to provide lots of examples in many more situations is given by the following. Recall that a group Γ is called large if it contains a finite index subgroup that surjects a free non-abelian group. 
Theorem 1.3. (Theorem 3.1 is a stronger version.) Let M be a compact Riemannian manifold with large fundamental group. Then there exist infinitely many pairs of finite covers
M j N j of M such that (a) L ¢ M j £ ! ¡ L ¢ N j £ , (b) E ¢ M j £ ¡ E ¢ N j £ , (c) vol ¢ M j £ vol ¢ N j £ ∞.
Moreover, (a) and (b) hold for any
also holds for any Riemannian metric on M.
Our arguments start with Sunada's construction [28] of isospectral manifolds, which was based on a well known construction in number theory of "arithmetically equivalent" number fields (see [17] ). Our length equivalence of manifolds similarly has a number theoretic counterpart called "Kronecker equivalence" of number fields, as we discovered after doing this work; see the book [10] . The results contained here can thus be viewed as providing the geometric investigation proposed in the sentence from the last paragraph of that book: "In view of the relations between arithmetical and Kronecker equivalence, one should also study Kronecker equivalence in this geometric situation."
In the final section we collate some remarks and questions. In particular, we note that Mark Kac's famous paper "Can one hear the shape of a drum" [9] has been a catalyst for much of the work on isospectrality, and we revisit that paper and the Gordon-Webb-Wolpert answer to his question [5] in the light of our work.
Equivalence
We first recall Sunada's construction.
For any finite group G and subgroups H and K of G, we say that H and K are almost conjugate (or "Gassmann equivalent" in the terminology of Perlis [17] ) if for any g in G the following condition holds (where ¢ g£ denotes conjugacy class):
In [28] Sunada proved the following theorem relating almost conjugate pairs with isospectral covers. The proof of this is an easy exercise, but checking when manifolds produced by Sunada's method are non-isometric requires more work. However, for length equivalence far less is required, and the resolution of the isometry problem is built into our construction.
Theorem (Sunada
Length equivalence, primitive length equivalence, and eigenvalue equivalence each require a different condition on the group G. In each instance, we describe a group theoretic condition, and then explain how it is used to produce examples with the desired features.
Length and primitive length equivalence
Though it is not essential, the group G will always be finite in what follows.
Definition 2.1 (Elementwise conjugacy). Subgroups H and K of G are said to be elementwise conjugate if for any g in G the following condition holds:
It is immediate from the definition that almost conjugate subgroups are elementwise conjugate.
To produce primitive length equivalent manifolds, we impose further conditions on H and K, and also on π 1 ¢ M£ . 
Definition 2.2 (Primitive
which has prime order, it is equal to
, where µ is the element of π 1 
Eigenvalue equivalence
To give context to our construction below of eigenvalue equivalence, we begin by recalling the following well known equivalent formulation of almost conjugacy. 
g£ , where the sum is over conjugacy classes in G. Thus the equality dim Fix
Clearly, almost conjugacy of H and K implies this equality. For the converse, note first that the equality dim Fix 
M£ λ is finite dimensional, but we do not need this). Hence, if H and K are fixed point equivalent,
Remark. 1. The compactness assumption on M is not necessary. If M is noncompact our argument extends easily to show that under the conditions of the theorem both the discrete and non-discrete spectra of M H and M K agree when viewed as sets.
2. What makes the Sunada construction work for both the length and eigenvalue spectra is the equivalence of almost conjugacy with the condition of Proposition 2.4. Our weakening of almost conjugacy to elementwise conjugacy on the one hand, and, via Proposition 2.4, to fixed point equivalence on the other, go in dual directions. They therefore cannot be expected to be equivalent, and it is a little surprising that in the examples we know, the two weaker conditions still tend to have significant overlap.
Examples
An elementary example of elementwise conjugacy is the following. Let G be the alternating group Alt 
Similarly, the dimension of the fixed space for the full translation subgroup
Proofs of main results
The following is a stronger version of Theorem 1.3: 
Proof. Since M is large we can find finite index subgroups which surject any finitely generated free group, so there is a finite cover X of M with
The theorem then follows from Theorem 2.7 combined with Theorems 2.3 and 2.6.
This theorem implies Theorems 1.1, 1.2, and 1.3 in the case of closed hyperbolic surfaces. In addition, it is well-known that closed and finite volume hyperbolic manifolds whose fundamental groups are large exist in all dimensions (see e.g., [12] ). This provides examples of hyperbolic manifolds in all dimensions satisfying the conclusions of Theorems 1.1, 1.2, and 1.3. To prove that any closed or finite volume hyperbolic manifold has finite sheeted covers with these properties requires additional work.
We mention in passing that Theorem 3.1 (b) applied to surfaces produces arbitrarily long towers of abelian covers
whose first nontrivial eigenvalue remains constant. On the other hand, it is well known that any infinite tower of abelian covers of a fixed hyperbolic surface has λ 1 tending to zero (see [1] and [28] ). 
More families

Completion of proofs
We shall need the following special case of the Strong Approximation Theorem (see [30] and [16] ; see also [11] for a discussion of the proof in the particular case of hyperbolic manifolds). Suppose M m is a finite volume hyperbolic manifold with m [22] for the details). We choose k minimal. 
Proof of Theorem 3.2
Throughout this section p will be an odd prime. For any ring R let M 
. The adjoint action of SL 
There is a short exact sequence 
Proof. We will prove this in several steps.
Step 
We now investigate the SL 
Here the coefficients I H , R H , N H are the number of lines of each type in H. By our discussion above, these numbers for the subgroups of interest to us are:
These five different types of subgroups containing R yield five linear equations in the four unknown quantities X 0
Since already the coefficient matrix of the first four equations, 
Proof of Theorem 3.2 (ii).
Let be a prime ideal of
q is a proper extension of b p and p odd; that such a prime exists follows from the Cebotarev Density Theorem. Consider the following inclusion of short exact sequences:
By Lemma 4.1 we already know the kernel V p in the first sequence is 
Moreover, (a) . For all these cases, as in the proof of Theorem 1.2, an application of the Strong Approximation Theorem (cf [30] , [16] 
where R is a 2-plane from Lemma 4.3. It is straightforward to verify that the pair satisfies the additional requirements needed for the primitive case.
Our methods also produce eigenvalue equivalent covers for all of these groups as well. In addition, for sufficiently large n, we can produce covers which are both primitive length and eigenvalue equivalent; here n 
Locally symmetric manifolds
Length and eigenvalue equivalent covers As is clear from this discussion (and the generality of the Strong Approximation Theorem in [30] and [16] ) our methods also apply to lattices in every non-compact higher rank simple Lie group. The discussion given at the end of " 5.1 also applies in this setting to arrange for the finite groups of Lie type occurring in Strong Approximation to contain a copy of
Primitive length equivalent covers Construction of primitive length equivalent covers over a fixed locally symmetric manifold is more subtle since in many settings the associated fundamental group fails to have the needed condition on maximal cyclic subgroups. It seems interesting to try to weaken the condition on maximal cyclic subgroups to produce examples in this setting.
G and correspond to a primitive closed geodesic in M (there are infinitely many primitive elements mapping to any element of G) 1 . The nonprimitive geodesic of M corresponding to γ 2 has four lifts to M H , two primitive and two not, and it has three lifts to M K , all non-primitive. Of course, there might accidentally be some unrelated primitive geodesic in M K of the right length, but for a generic hyperbolic metric and a homomorphism to G that factors through a free group this does not happen and M H and M K are not primitive length equivalent. Indeed, assume γ is the shortest closed geodesic on M and every other closed geodesic has much larger length. Then if γ maps to a, one can see that M H and M K are not primitive length equivalent. It seems plausible that length equivalent hyperbolic examples constructed from Theorem 3.1 using b n p and any nontrivial subspace of b n p will generically fail to be eigenvalue equivalent, but this is more subtle. Using the results of Zelditch [31] it is easy to see that for a hyperbolic manifold M m of sufficiently high dimension this approach will give length equivalent but not eigenvalue equivalent examples for generic (not necessarily hyperbolic) deformations of the metric on M. Using G 
Complex lengths
All our results for equal length sets actually produce manifolds which have the same complex length sets. Recall that the complex length of a closed geodesic γ in a Riemannian m-manifold is a pair
g£ is the length of γ and V
1£ is determined by the holonomy of γ. The complex length spectrum is the collection of such complex lengths with multiplicities, and the complex length set forgets multiplicities as before. The point is that Theorem 2.3 gives manifolds with the same complex length sets, just as Sunada's theorem gives equal complex length spectra. See [23] for more on the complex length spectrum.
Commensurability
The known methods of producing isospectral or iso-length spectral hyperbolic manifolds result in commensurable manifolds and it is an open question as to whether this is always the case. By construction, the eigenvalue and (primitive) length equivalent hyperbolic manifolds constructed here are also commensurable. Question 6.2. Let M 1 and M 2 be eigenvalue (resp. length or primitive length) equivalent closed hyperbolic manifolds. Are they commensurable?
There has been some recent activity on this question. It is shown that Question 6.2 has an affirmative answer in the length equivalent setting if the manifolds M 1 and M 2 are arithmetic hyperbolic 3-manifolds ( [3] ), or if the manifolds are even dimensional arithmetic hyperbolic manifolds ( [21] ). Indeed, the results of [21] apply to more general locally symmetric spaces. In contrast, [21] also exhibts arbitrarily large collections of incommensurable hyperbolic 5-manifolds which are length commensurable. The commensurability classes of these manifolds seem to be the best candidates for producing a negative answer to Question 6.2.
Infinite sets of examples
Our constructions show that there can be no uniform bound on the number of pairwise eigenvalue (resp. length or primitive length) equivalent, non-isometric manifolds. Thus a natural question is. Question 6.3. Are there infinite sets of pairwise eigenvalue (resp. length or primitive length) equivalent, closed hyperbolic m-manifolds?
In the context of length equivalence a positive answer would follow if one can find infinitely many mutually elementwise conjugate subgroups of finite index in a finitely generated free group. C. Praeger pointed out to us that a slightly stronger version of this question is listed as an open problem (Problem 11.71) in the Kourovka Notebook [15] . It was asked there in the parallel context of Kronecker equivalence of number fields. It seems likely that the answer to this question is "no", but the limited partial answers that are known involved considerable effort, see [20] .
Can one hear the size of a drum?
Mark Kac's famous paper "Can one hear the shape of a drum" [9] is quoted in many papers on isospectrality. Of course, the "drums" of his title were not closed hyperbolic manifolds, but rather flat plane domains. The first pair of different "drums" with the same sound (i.e., non-isometric isospectral plane domains) was found in the 1990's by Gordon, Webb, and Wolpert [5] .
However, one might question whether the sounds of their drums D 1 and D 2 are really indistinguishable. They comment: "... to produce the same sound (i.e., the same frequencies with the same amplitudes) as would result from striking D 1 at a given point with a given (unit) intensity ... one must strike D 2 simultaneously at seven points with appropriate intensities". A more obvious example of this issue is a pretty example of S. Chapman [2] . Chapman reinterprets earlier discussion of the Gordon-Webb-Wolpert examples in terms of paper folding and cutting, as is familiar from making paper dolls. Of course, by cutting too much one can create disconnected objects, and by this means Chapman derives from the Gordon-WebbWolpert example the following simple example: D 1 is the disjoint union of a unit square and an isosceles right triangle with legs of length 2, and D 2 is the disjoint union of a 1 f 2 rectangle and an isosceles right triangle with legs of length ¦ 2. This pair of domains is isospectral, but one can ask to what extent they really sound the same.
A more honest example of equal sound might be the following: purchase three identical drums and let D 1 consists of one of them and D 2 consist of the disjoint union of the other two. It would be hard to distinguish D 1 from D 2 on hearing a drummer strike either one once. This example suggests that eigenvalue equivalence may have as much right as isospectrality to be interpreted as "same sound."
In his paper Kac gave a proof that drums that sound the same have equal area, but this was based on isospectrality. Revisiting this in the context of eigenvalue equivalence we ask: Question 6.4. Do there exist connected eigenvalue equivalent plane domains of unequal area?
